We provide results for the spectrum of scalar and pseudoscalar glueballs in pure Yang-Mills theory using a parameter-free fully self-contained truncation of Dyson-Schwinger and Bethe-Salpeter equations. The only input, the scale, is fixed by comparison with the gluon propagator from (gaugefixed) lattice calculations. We obtain ground state masses of 1.8 GeV and 2.4 GeV for the scalar and pseudoscalar glueballs, respectively, and 2.4 GeV and 3.7 GeV for the corresponding first excited states. This is in very good quantitative agreement with available lattice results. Furthermore, we predict masses for the second excited states at 3.5 GeV and 4.1 GeV. We also find that the quality of the results hinges crucially on the self-consistency of the employed input.
Introduction Glueballs, i.e. hadrons that consist of gluons only, are extremely fascinating objects to study. They arise due to the non-Abelian nature of Yang-Mills theory which allows for the formation of gauge invariant states of gluons that interact strongly amongst each other. The properties of glueballs have been studied in many models since their prediction in the 1970s [1, 2] . Today, many glueball masses in pure Yang-Mills theory are known rather accurately owing to high statistics quenched lattice calculations [3] [4] [5] . Unquenched lattice calculations of glueball masses are still on the exploratory level with considerable uncertainties due to severe problems with the signal to noise ratio, see, e.g. [6] and references therein. Alternative theoretical frameworks, such as Hamiltonian many body methods [7, 8] or chiral Lagrangians [9, 10] , have shed some light on potential mass patterns and identifications of experimental states dominated by their glueball content, see [11] for a comprehensive review. However, it seems fair to state that our detailed understanding of glueball formation from the underlying dynamics of Yang-Mills theory is still far from complete. In this work, we provide an additional, complementary perspective from functional methods.
While the calculation of mesons and baryons from functional bound state equations is a very active field, see, e.g. [12, 13] and references therein, studies of exotic states in this framework are less abundant. This is particularly true for glueballs due to the inherent complexity of gauge-fixed Yang-Mills theories. Some results have been reported in [14] [15] [16] , but they remain on an exploratory level due to the ansaetze used for the input. An alternative approach to extract glueball masses from Landau gauge correlation functions was followed in [17, 18] . In this work, we take full advantage of the solid understanding of the properties of Yang-Mills correlation functions obtained in the last decade and a refinement of the methods to compute them from functional equations, e.g. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . We employ recent results from a fully self-contained truncation of Dyson-Schwinger equations (DSEs) for propagators and vertices that leads to good agreement with corresponding gauge fixed lattice results without any tuning [29] . As we will see in the following, the glueball spectrum extracted from the corresponding set of bound state Bethe-Salpeter equations (BSEs) agrees quantitatively with corresponding lattice results.
Framework and input
We consider Landau gauge Yang-Mills theory with gauge fixing via the Faddeev-Popov procedure. The corresponding bound state equation for a two-gluon glueball is depicted in Fig. 1 . Since for some quantum numbers the two-gluon state also couples to a ghost-anti-ghost state, we also need to consider the corresponding BSE. For simplicity, we refer to them as glueball-part and ghostball-part. The forms of the interaction kernels depend on the employed effective action and its truncation. We use the 3PI effective action truncated to three loops [30, 31] . This choice is motivated by excellent results that have been obtained in this truncation scheme for the coupled set of DSEs for the dressed gluon propagator, the dressed ghost propagator and the dressed ghost-gluon as well as three-gluon vertices [29] discussed below. A truncation on a similar level has also been used in the quark sector in Ref. [32] . The corresponding kernels, shown in Fig. 2 , are derived by performing appropriate functional derivatives of the action [15, [33] [34] [35] . In contrast to many truncations based on the 1PI effective action, the kernels also contain terms other than one-particle exchange diagrams. These are not yet taken into account due to their technical complexity. As we will see below, however, the quantitative nature of our results indicate that the error induced by neglecting these diagrams is probably very small. A solution to the coupled set of BSEs for the glueball can be found by treating them as an eigenvalue equation for the matrix K of interaction kernels with the eigenvector Γ = (Γ µν , Γ gh ) combining the glueball-part Γ µν and the ghostball-part Γ gh of the Bethe-Salpeter amplitude. This leads to
where P and p are the total and relative momenta. For a solution, the eigenvalue λ(P ) must equal 1. The mass is determined from the corresponding value of the total momentum, M 2 = −P 2 . The specific forms for the amplitudes are as follows. The glueball-part Γ µν has two open Lorentz indices and is transverse. For the scalar glueball (J P C = 0 ++ ) one can find two independent tensors with these properties given by [14] :
with p 1/2 = p ± P/2. For the pseudoscalar glueball (J P C = 0 −+ ), only one tensor exists which we choose as
The hat indicates normalization and the superscript T that the vector is made transverse with respect to P . For the ghostball-part, which is a scalar in Lorentz space, the amplitude is simply given by
There is no corresponding amplitude with negative parity. This simplifies the BSE for the pseudoscalar glueball where the ghostball-part of the amplitude drops out.
The input required to solve the BSE are the dressed gluon and ghost propagators, D µν and D G , respectively, given by
as well as the dressed three-gluon and ghost-gluon vertices. For these we use numerical results from a DSE system also derived from the three-loop 3PI effective action. A graphical representation of this truncation together with a thorough discussion of all technical details and merits can be found in [29] . Here, we only wish to mention that the scheme is self-contained, i.e., it can be solved without any ad-hoc ansaetze and parameters. Thus, either correlation functions are taken into account and solved for self-consistently, or they are consistently neglected. It also leads to running couplings extracted from the vertices [21, 36, 37] that agree with each other from large momenta in the perturbative domain down to a few GeV and thus make gauge invariance manifest. A truncation independent property of the Yang-Mills correlation functions in the continuum is that they appear as a one-parameter family of so-called decoupling solutions with the so-called scaling limit as an end-point [39] [40] [41] [42] . For the ghost and gluon propagators, these solutions agree at large momenta but start to differ around the scale of 1 GeV and below. The appearance of this one-parameter family has been discussed to be caused by incomplete nonperturbative gauge fixing in the Landau gauge/Faddeev-Popov setup due the Gribov problem [41, 43] . Indeed, on the lattice it is well studied that different samplings of the Gribov region influence the low momentum behavior of correlation functions, see, e.g. [43] [44] [45] and references therein. If this picture is correct, all solutions of the family should lead to the same results for physical quantities. The glueballs studied in this work provide an ideal testing ground for this hypothesis. , respectively, in comparison to lattice data [38] . Different lines correspond to different decoupling solutions as explained in the text.
We thus used a number of different solutions within this one-parameter family for our calculation of glueball masses. The corresponding propagator dressing functions are shown in Fig. 3 together with corresponding lattice results (for one particular prescription to deal with Gribov copies). The vertices are discussed in [29] . Although the precise correspondence of continuum and lattice gauge fixing methods is an open issue [46] , the very good agreement of our propagator and vertex solutions with the lattice is very encouraging. As a consequence we can also take over the scale-setting used for the lattice data.
With the functional renormalization group, a truncation very similar to the one used here leads to equally good results for the propagators and vertices [23] which further supports the trustworthiness of the present truncation. While improvements of this truncation were partially already tested and found to be small, e.g., the impact of neglected contributions like four-point functions [22, 24, 26] and a full basis for the three-gluon vertex [21] , more tests should be performed in the future. For quark anti-quark bound states, the consistency of the truncations for the DSE and BSE system is known to be crucial. This is true in particular for the chiral properties, where the axial-vector Ward-Takahashi identity relates the self-energies and integration kernels, see, e.g. [13] .
In the present case of pure Yang-Mills glueballs, similar relations do not exist to our knowledge, but it is certainly important to consider the impact of consistency between the truncations of the DSEs and the BSEs. We will come back to this point below.
Extraction of the spectrum Bethe-Salpeter equations describe bound states with time-like total momenta. As a consequence, propagators and vertices inside Bethe-Salpeter equations are tested at complex squared mo-menta. While calculations in the complex plane are in principle possible with functional methods, see, e.g. [47] [48] [49] [50] [51] [52] [53] , such calculations are realized only with comparatively simple truncations. More advanced truncation schemes, like the one we use in this work, have been solved for space-like Euclidean momenta only. Analytic continuations of correlation functions have been explored [54] [55] [56] [57] , but definite conclusions are still lacking. Thus, we follow here an alternative approach and instead analytically continue the eigenvalues calculated for Euclidean momenta P 2 > 0 into the time-like momentum domain P 2 < 0. For every bound state we have calculated the eigenvalue λ(P 2 ) of the BSE for 100 space-like and real momenta P 2 ∈ [10 −6 , 0.25] GeV 2 and extrapolate to time-like momenta using Schlessinger's method based on continued fractions [58, 59] . The extrapolation error is dominated by (small) numerical inaccuracies in the input data and the limitations of the chosen extrapolation function itself. We partially quantify the extrapolation error by a bootstrap-like procedure: We take only a random subset of 80 points, which is enough to get a good extrapolation function, and calculate the mass. Excluding exceptional extrapolations that do not give a bound state, we repeat that process 100 times and average the results. The one standard deviation error indicated in our results for the bound state masses stems from this procedure. Of course, this does not include additional errors due to the truncation and other sources. We tested the extrapolation procedure in a case where we are able to compare directly with a solution. To this end, we used a quark-anti-quark BSE in rainbow-ladder approximation that is reviewed in Ref. [13] . For a system with equal masses of the quark and anti-quark, the extrapolation procedure works on the per mille level up to masses of approximately 2 GeV, after which the error reaches the per cent level. For the example of a more challenging case with different bare quark masses of 720 MeV and 820 MeV, we find that the extrapolated result M = 2.62(40) includes the correct value M = 2.74 GeV in the statistical error. One complication which needs to be taken into account is that not every eigenvalue curve in the space-like domain can be extrapolated to a physical state with a positive real mass. We encountered (and discarded) some complex eigenvalue curves and one example for a (spurious) tachyonic state in case of the pseudoscalar glueball. Furthermore, eigenvalue curves may cross. Hence, the hierarchy of eigenvalues at space-like momenta does not need to correspond to the hierarchy of the solutions. Finally, the scalar glueball BSE leads to some additional insight with regard to the ultraviolet behavior of the Bethe-Salpeter amplitudes. The integral in the BSE is convergent only if the amplitude falls off polynomially at large momenta. This is a standard behavior of all Bethe-Salpeter amplitudes in the quark sector [13] and also expected for the glueball one. However, we do find [4, 5] with the results of this work. The errors for the latter contain only the extrapolation error.
eigenvalue curves leading to states with amplitudes that run logarithmically and therefore do not satisfy this constraint. As a consequence, these eigenvalue curves are cut-off dependent. In the gluon DSE, a similar problem is associated with terms that break gauge covariance and lead to quadratic divergences. A range of methods have been applied to remove these terms, see e.g. [60] and references therein. In the BSE, the simplest way to deal with this problem is to identify the solutions with the wrong asymptotics as artifacts and discard them. We adapted this strategy in this work for both scalar and pseudoscalar glueballs. It remains to be seen whether the problem disappears entirely in further advanced truncations.
Results We show our results for the ground and excited state scalar and pseudo-scalar glueball masses in Tab. I and Fig. 4 . For the scalar glueball we find a ground state mass of 1.750(120) GeV. The extrapolation is very stable in this case. The first excited state is at 2.430(200) GeV, and we also find a candidate for the second excited state at 3.510(150) GeV. The pseudoscalar glueball ground state is at 2.440(170) GeV. The first two excited states are at 3.650(110) GeV and 4.100(190) GeV. The comparison with the lattice results of Refs. [4, 5] shows that we do not only recover the same hierarchy but that our results also agree quantitatively very well with the lattice results. Thus, we confirm their values and add two more states to the known spectrum of pure Yang-Mills theory. The amplitudes for the ground states and the two excited states at the lowest calculated value for P 2 > 0 are shown in Fig. 5 . Although they do not correspond to the physical amplitudes, for which P 2 = −M 2 , they can provide some insight. The ground states show a distinct peak around 1 GeV. For the scalar glueball we observe an interesting interplay of the three different components given in Eqs. (2) and (4) . Whereas the ghostball-part plays an important role in the ground state, it is negligible for the two excited states. Thus, neglecting the ghost contribution would distort the results as we tested explicitly. Furthermore, the role of the largest amplitude changes between ground and excited states. We explicitly verified that the masses extracted for the BSE lattice glueballs are invariant (within error bars) of our choice of input within the one-parameter family shown in Fig. 3 . This supports the view that the family corresponds to different gauge choices within Landau gauge [43] . At the same time, it constitutes a nontrivial test of the reliability of the employed truncation, as any inconsistency could destroy the gauge independence easily. We explicitly verified that the spectrum gets distorted if inconsistent input (e.g. propagators from one member of the family and vertices from another) is used. Summary and outlook We calculated the masses of the three lowest states for scalar and pseudoscalar glueballs in pure Landau gauge Yang-Mills theory from propagators and vertices obtained from Dyson-Schwinger equations. We gave special emphasis to the consistency between the DSE and BSE setups. The truncation we employed is completely self-contained and does not depend on any parameter or ansatz. The scale is inherited from the comparison with lattice results for the gluon propagator. The gauge dependent input for the propagators and vertices translates into invariant results for the masses within a one-parameter family of nonperturbative completions of Landau gauge. Our results agree quantitatively very well with the lattice results of Refs. [4, 5] and we add two more states to the known spectrum of pure Yang-Mills theory.
To our mind, the present results constitute a considerable step forward to describe QCD bound states in a continuum approach from first principles. There are many applications to which this setup can and should be extended. In particular, the quark sector should be included to get access to real-world glueballs. The calculation of higher spin glueballs or even other exotics like hybrids may be possible within the same framework as well. At the same time, these results motivate further studies of functional equations for complex momenta to eliminate the need of the extrapolation of the eigenvalue curves from space-like Euclidean data.
